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Abstract
This paper gives necessary and suﬃcient conditions in order that a series
∑
anλn
should be summable |B|k , k ≥ 1, whenever∑an is summable |A|. Some new results
have also been obtained.
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an be a given inﬁnite series with the partial sums (sn). Let (pn) be a sequence of












deﬁnes the sequence (tn) of the Riesz means of the sequence (sn) generated by the se-
quence of coeﬃcients (pn) (see []). The series
∑




nk–|tn – tn–|k <∞. ()
Let A = (anv) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal
entries. Then A deﬁnes the sequence-to-sequence transformation, mapping the sequence




anvsv, n = , , . . . . ()
© 2012 Özarslan and Ari; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
in any medium, provided the original work is properly cited.










¯An(s) = An(s) –An–(s).
If we take anv = pvPn , then |A|k summability is the same as |R,pn|k summability.
Before stating the main theorem we must ﬁrst introduce some further notations.
Given a normal matrix A = (anv), we associate two lover semimatrices A¯ = (a¯nv) and




ani, n, v = , , . . . ()
and
aˆ = a¯ = a, aˆnv = a¯nv – a¯n–,v, n = , , . . . . ()
Itmay be noted that A¯ and Aˆ are thewell-knownmatrices of series-to-sequence and series-













If A is a normal matrix, then A′ = (a′nv) will denote the inverse of A. Clearly if A is nor-
mal, then Aˆ = (aˆnv) is normal and has two-sided inverse Aˆ′ = (aˆ′nv), which is also normal
(see []).
Sarıgöl [] has proved the following theorem for |R,pn|k summability method.
TheoremA Suppose that (pn) and (qn) are positive sequences with Pn → ∞ and Qn → ∞
























Theorem B The |R,pn| summability implies the |R,qn|k , k ≥ , summability if and only if























and we regarded that the above series converges for each v and  is the forward diﬀerence
operator.
It may be remarked that the above theorem has been proved by Orhan and Sarıgöl [].






for the cases  ≤ k < ∞, where (l, lk) denotes the set of all matrices A which map l into
lk = {x = (xn) :∑ |xn|k <∞}.
2 Main theorem
The aimof this paper is to generalize TheoremA for the |A| and |B|k summabilities. There-
fore we shall prove the following theorem.
Theorem Let k ≥ , A = (anv) and B = (bnv) be two positive normal matrices such that
an–,v ≥ anv, for n≥ v + , ()
a¯n = , n = , , , . . . . ()
Then, in order that
∑




n k – annbnn
)
, ()










b¯n = , n = , , , . . . , ()




are suﬃcient for the consequent to hold.
It should be noted that if we take anv = pvPn and bnv =
qv
Qn , then we get Theorem A. Also if
we take λn = , then we get Theorem B.
Proof of the Theorem
Necessity. Let (xn) and (yn) denote A-transform and B-transform of the series
∑
an and∑



















aiλi is summable |B|k
}
.

















an is summable |A| implies∑anλn is summable |B|k , by the hypoth-
esis of the theorem,
‖X‖ <∞ ⇒ ‖Y‖ <∞.
Now consider the inclusion map c : A → B deﬁned by c(x) = x. This is continuous, which
is immediate as A and B are BK-spaces. Thus there exists a constantM such that
‖Y‖ ≤M‖X‖. ()
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, if n < v,
aˆnv, if n = v,





, if n < v,
bˆnvλv, if n = v,
v(bˆnvλv), if n > v.

































The above inequality will be true if and only if each term on the left-hand side is O(akvv).








v k – avvbvv
)
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which is condition (). Now, if we apply () to av = ev+, we have
¯xn =
⎧⎨
































which is condition ().





















On the other hand, since
bˆn = b¯n – b¯n–,
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where δnv is the Kronecker delta, we have that








– bˆn,v+λv+(a¯v+,v – a¯v,v)avvav+,v+
= bˆnvλvavv
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Since
∣∣Tn() + Tn()∣∣k ≤ k(∣∣Tn()∣∣k + ∣∣Tn()∣∣k)


































n– k (v(bnvλv)avv + bˆn,v+λv+
avv–av+,v
avvav+,v+ ), if ≤ v≤ n – ,
n– k bnnλnann , if v = n,
, if v > n.
Now
















































v=r+ bˆnvaˆ′vrλv, if ≤ r ≤ n – ,
, if r > n – .
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Now



























∣∣Tn(i)∣∣k <∞ for i = , .
This completes the proof of the Theorem. 
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